Neutrino oscillation experiments (excluding the LSND experiment) suggest a tri-bimaximal form for the lepton mixing matrix. This form indicates that the mixing matrix is probably independent of the lepton masses, and suggests the action of an underlying discrete family symmetry. Using these hints, we conjecture that the contrasting forms of the quark and lepton mixing matrices may both be generated by such a discrete family symmetry. This idea is that the diagonalisation matrices out of which the physical mixing matrices are composed have large mixing angles, which cancel out due to a symmetry when the CKM matrix is computed, but do not do so in the MNS case. However, in the cases where the Higgs bosons are singlets under the symmetry, and the family symmetry commutes with SU (2)L, we prove a no-go theorem: no discrete unbroken family symmetry can produce the required mixing patterns. We then suggest avenues for future research.
Mixing angles independent of masses
The elements of the tri-bimaximal mixing matrix are square roots of fractions, whereas the charged lepton masses appear to have no precise fractional relationships, and neither do the preferred neutrino ∆m 2 parameters. This motivates the construction of models where the mixing angles, though precisely defined, are independent of the mass eigenvalues. Such an approach is to be contrasted with the often considered alternative proposal that relates mixing angles to mass ratios [24, 25, 26, 27 ].
Abelian symmetries
Harrison, Perkins and Scott [2] proposed weak basis mass matrices for charged leptons and neutrinos that generate tri-bimaximal mixing. An attractive feature of the proposed mass matrices is that they can be generated by discrete Abelian symmetries acting on the three generations of charged leptons and neutrinos. These symmetries dictate the form of the mixing matrix, but leave the masses as free parameters (see above discussion). The utility of these mass matrices suggests that Abelian generation symmetries are interesting candidates for the new symmetries that might explain the neutrino mixing pattern.
B. Aims of this paper
Quark and lepton mixing matrices derived from a symmetry
In Sec. II the Harrison, Perkins and Scott proposal [2] will be reviewed. We will then extend their ideas by conjecturing that the underlying symmetries might simultaneously produce a quark mixing matrix that is almost the identity matrix and a leptonic analogue that has the very different tri-bimaximal form. While we find this an attractive hypothesis, it is not so easy to implement in a completely well-defined extension of the standard model. As we shall see, this proposal requires that left-handed charged leptons and left-handed neutrinos transform differently. But to have the symmetry group G SM of the standard model extended to G SM ⊗G H , where G H is a discrete horizontal or generation symmetry, the left-handed charged leptons and left-handed neutrinos must transform in the same way under the symmetry, as they are members of the same SU (2) L doublet.
Form-diagonalisable matrices
Section III will define a class of matrices that are invariant under a symmetry and where the unitary matrices that diagonalise them are independent of the eigenvalues. We dub matrices such as these "form-diagonalisable" and propose them as good candidates for lepton mass matrices because they generate mixing angles that are independent of the eigenvalues. This section will look at some interesting mathematics that relates the symmetry group to the diagonalisation matrices.
No-go theorem
Motivated by the symmetries proposed by Harrison, Perkins and Scott [2] , Sec. IV will investigate the possibility of using such symmetries to extend the standard model. We assume left-handed neutrinos transform under the symmetry in the same way as left-handed charged leptons, and that the Higgs bosons are singlets. Given these assumptions, we find that tri-bimaximal mixing, or any other form that is both phenomenologically acceptable and predictive, cannot be generated by an unbroken family symmetry.
Further symmetries to investigate
Ways around the no-go theorem will be briefly discussed in Sec. V. Either or both of the assumptions of the theorem -that the Higgs fields are singlets and that the symmetry is unbroken -must be relaxed. The generation symmetry can be extended to the Higgs sector by introducing a number of generations of Higgs fields that transform under the symmetry. Majorana neutrinos have different couplings to the Higgs fields from the Dirac charged leptons. As a result a symmetry that transforms Higgs fields could potentially explain the differences between the mixing matrices of the leptons and the quarks. Vacuum expectation values of the Higgs fields can break the symmetry and result in different mixing matrices from those of the exact symmetry cases. Work along these lines is in progress. For some recent efforts, see for instance [28, 29, 30, 31, 32] .
II. DISCRETE SYMMETRIES CONSTRAIN MIXING MATRICES
Many theories have been constructed using symmetries to generate preferred mass patterns and mixing angles. For example, democratic mass matrices can be generated from an S 3L ×S 3R generation symmetry [33, 34, 35] , L e −L µ −L τ symmetry leads to bimaximal mixing (disfavoured by the current data) [36, 37, 38] , an S 2 permutation symmetry acting on ν µ and ν τ results in maximal atmospheric mixing [39, 40, 41] .
A. How symmetries constrain mixing matrices
The mixing matrix is related to the charged lepton mass matrix M ℓ and the neutrino mass matrix M ν in any weak basis by the unitary diagonalisation matrices U ℓL and U ν . We use
to extract the lepton mixing matrix via
The symmetries of the standard model do not dictate the form of the mass matrices. The charged lepton mass matrix M ℓ can be any 3 × 3 matrix, and if neutrinos are Majorana, then M ν must be symmetric, but is otherwise unconstrained. As a result the mixing matrix can be of any unitary form, and the masses are unrestricted by the standard model symmetries. However, if a generation symmetry holds, the form of the mass matrices -and hence the mixing matrix -are constrained. For the Lagrangian to be invariant under transformations of the three generations of Majorana neutrinos, the left-handed charged leptons and the right handed charged leptons,
the mass matrices must obey the restrictions,
where X ν , X L and X R are 3 × 3 unitary matrices. The special case of the vector-like symmetry would have left and right-handed fields transforming identically, with X L = X R .
B. Harrison, Perkins and Scott's proposed symmetries
Harrison, Perkins and Scott [2] suggested mass matrices of the form
where the parameters a, b, c are related to the three charged lepton masses, and x, y, z provide three independent neutrino masses. The charged lepton mass matrix is of circulant form and can be generated by a cyclic permutation (C 3 ) symmetry. An S 2 × S 2 symmetry generates the neutrino mass matrix. The unitary transformation matrices are
The proposed mass matrices are diagonalised by
where ω ≡ e 2πi/3 , which combine to give tri-bimaximal mixing.
C. Using the symmetry to constrain quark mixing to small angles: a conjecture
Harrison, Perkins and Scott's idea can be extended to include the quarks, and produce small quark mixing. We conjecture that the up-type quarks and the down-type quarks transform under the C 3 generation symmetry in the same way as the charged leptons transform above. This will force both quark mass matrices into circulant form
These mass matrices are diagonalised by the same matrix
, corresponding to no quark mixing. As with the leptons, all quark masses are unrestricted by the symmetry.
The unbroken symmetry produces U CKM = I, and U MNS to be of tri-bimaximal form. Small symmetry breaking can be introduced to generate off-diagonal terms in the quark mixing matrix. This breaking may also deviate the lepton mixing matrix away from tri-bimaximal form.
The quarks transform together, whereas the neutrinos transform independently of the charged leptons. This accounts for the differences between the quark and the lepton mixing matrices.
Under the symmetry the neutrinos transform in a different way from all the other fermions. This may be associated with other special characteristics of the neutrinos, for example, the Majorana nature of the neutrino, or the lack of electric charge.
D. SU (2)L constraint on standard model extensions
The conjecture outlined above shows that discrete generation symmetries can produce tri-bimaximal lepton mixing and small quark mixing. However, these symmetries cannot be incorporated into an extension of the standard model with the structure SU (2) L ⊗ G H , where the G H is the discrete horizontal or family symmetry. The symmetries of Eq. (7) do not commute with SU (2) L , as the left-handed neutrinos transform under the symmetry in a different way from the left-handed charged leptons, whereas a symmetry that is an extension to the standard model should preserve the standard model symmetry SU (2) L , by having members of the same SU (2) L doublet transform together [42] . SU (2) L is not violated by the quark transformations as the up and down-type quarks transform in the same way.
This constraint makes it difficult to find any symmetry that gives rise to tri-bimaximal mixing. Sec. IV investigates whether it is possible for any discrete family symmetry to predict tri-bimaximal mixing when the SU (2) L constraint is included.
III. FORM-DIAGONALISABLE MATRICES
A. Definition A form-diagonalisable matrix is a matrix that is invariant under a symmetry, and with diagonalisation matrices whose elements depend on the form of the original matrix only. As a result the diagonalisation matrices are independent of the matrices' eigenvalues.
An n × n form-diagonalisable matrix is defined by
where:
• λ i are n × n matrices of pure numbers, and α i are n complex parameters;
• λ i are simultaneously diagonalisable by two unitary matrices U L and U R , where U †
• λ i are invariant under a group transformation:
Note that for k < n, only k eigenvalues are independent.
These conditions result in the masses being linear combinations of α i , and the diagonalisation matrices, U L and U R , being independent of these masses.
B. Examples of form-diagonalisable matrices with Abelian symmetries
Equation (6) has two examples of form diagonalisable mass matrices, with the symmetries being the Abelian groups C 3 and S 2 × S 2 .
The form of the mass matrices is dependent not only on the symmetry group, but also on the representation of the group that the transformation matrices X L and X R take.
Regular representation of Abelian groups
An interesting relationship occurs between the symmetry group and the diagonalisation matrix when the symmetry is an Abelian group in the regular representation. The regular representation of a group of order n, is a set of n matrices X i . The matrices are unitary, have size n × n, and their elements are 0 or 1. A matrix M is considered to be invariant under the regular representation of a group when M = X The matrix U that diagonalises the mass matrix M can be simply derived from the n one-dimensional representations of the group G: Each column of the diagonalisation matrix is made up of a normalised list of the elements of the one-dimensional representations, and each column corresponds to a different one-dimensional representation. As all the irreducible representations of Abelian groups are one dimensional, the character table lists these representations, and the diagonalisation matrix can be read directly off the table.
C3 example
This relationship between the regular representation and the diagonalisation matrices is illustrated by the C 3 symmetry of the charged leptons outlined in Sec. II B.
The charged lepton mass matrix of Eq. (6) is invariant under the regular representation of C 3 which is given by
The mass matrix is made up of a linear combination of invariant matrices λ i . In this case the λ i are the representation matrices themselves, forming the mass matrix M ℓ of Eq. (6). The diagonalisation matrix is
where ω = e 2πi/3 , ω * , 1 are the cube roots of unity. This diagonalisation matrix can be constructed using the one-dimensional representations of C 3 which are {1, 1, 1}, {1, ω, ω * }, {1, ω * , ω}. Each column of the diagonalisation matrix is made up of a one-dimensional representation, and the matrix is normalised.
Representations other than the regular representations can also produce form-diagonalisable mass matrices. An example of this is the S 2 × S 2 symmetry which generates the mass matrix M ν of Eq. (6) . In cases other than the regular representation, the relationship between the representation of the symmetry and the diagonalisation matrix is not clear.
IV. NO-GO THEOREM FOR DISCRETE FAMILY SYMMETRIES
Individual lepton number symmetry U (1) Le ⊗ U (1) Lµ ⊗ U (1) Lτ is a symmetry of the standard model with massless neutrinos, and is known to be broken by neutrino oscillations. However, if a discrete subgroup of this symmetry is unbroken by the neutrino mass term, this will constrain the form of the mixing matrix.
The success of the symmetries in Eq. (7) in generating tri-bimaximal mixing, and the idea that a subgroup of U (1) Le ⊗ U (1) Lµ ⊗ U (1) Lτ may still remain unbroken with massive neutrinos motivates the systematic study of discrete Abelian group symmetries, with the added constraint of having the left-handed charged leptons transform in the same way as the left-handed neutrinos.
This section shows that discrete unbroken generation symmetries (Abelian and non-Abelian) with the SU (2) L constraint and the other assumptions stated below cannot generate tri-bimaximal mixing. In fact, the only mixing matrix that falls within experimental bounds and is generated by a symmetry, is the mixing matrix that is completely unrestricted by the symmetry. In this section we assume that the Higgs bosons are singlets of the symmetry.
Section IV B shows that discrete non-Abelian generation symmetries give rise to degenerate charged leptons, proving that non-Abelian symmetries cannot produce mass and mixing schemes that agree with experiment.
Section IV C considers how Abelian groups can constrain the charged lepton Dirac mass matrix. Exactly how the transformations alter the neutrino mass matrix depends on the type of mass term, because Majorana mass terms are constrained by the symmetry in a different way from Dirac mass terms. Because of this the no-go theorem for Abelian groups is segmented into three cases; Majorana neutrinos (Sec. IV D), Dirac neutrinos (Sec. IV E), and Majorana neutrinos when the mass term is generated by the seesaw mechanism (Sec. IV F). In the seesaw case we assume that the right-handed Majorana mass matrix is invertible.
We show that in all three cases all mixing schemes that can be produced by Abelian symmetries are not allowed by experiment, except for the case where the mixing is not constrained by the symmetry at all.
A. Equivalent representations yield identical mixing
The matrices X Li and X Ri of Eq. (5) that transform the leptons are representations of the symmetry group. Different representations of the same symmetry group provide different restrictions on the mass matrices. As there are three generations of leptons we are interested in three dimensional representations only. A given symmetry group has an infinite number of three dimensional representations, but only a finite number of inequivalent representations.
Two different representations X i and Y i , are considered to be equivalent if they are related by a similarity transformation
where V is any unitary matrix. Appendix B shows that two equivalent transformation matrices restrict the mixing matrix in an identical way. This is because the weak basis leptons (ν LX , l LX )
T in the case where the representation X i is chosen, are related to the weak basis leptons (ν LY , l LY ) T in the Y i case by a basis change, as per
Since the mixing matrix is associated with the mass basis of the leptons, not the weak basis, the two equivalent representations will restrict the mixing matrix in an identical way. As there are only a finite number of inequivalent representations of any discrete group it is possible to find all mixing matrices that can be generated by a given group.
All Abelian representations are equivalent to a diagonal representation -a representation where all matrices are diagonal. The converse is also true; no non-Abelian representation has matrices that are all diagonal (as diagonal matrices commute). This provides a convenient way of analysing many groups at once. First we will consider at non-Abelian groups by examining how non-diagonal transformations affect mass matrices and mixing, and then we consider Abelian representations by looking at diagonal representations.
B. Non-Abelian groups
Non-Abelian groups have Abelian (for example the trivial representation) and non-Abelian representations. Abelian representations of non-Abelian groups are not faithful, and are also representations of Abelian groups. This section shows that non-Abelian representations constrain some charged leptons to be degenerate. Abelian representations are covered by sections IV D, IV E and IV F.
As explained in Sec. IV A, two equivalent representations correspond to two different bases. So if the mass matrices are invariant under some non-Abelian transformation, there exists a non-Abelian representation of the group that corresponds to the charged lepton mass basis M ℓ = Diag(m e , m µ , m τ ). As this representation is non-Abelian, there is at least one matrix that is not diagonal.
Mass degeneracy can be concluded by considering just one non-diagonal transformation matrix. For example a block diagonal unitary matrix
The 2×2 block in X L rotates m τ . An X L that is not in block diagonal form will result in three degenerate charged leptons. The same argument also applies when the X R transformation is non-Abelian. In this case the
also resulting in degenerate masses.
C. Abelian representations and charged lepton mass matrices
In the case of Abelian groups, every representation is equivalent to a diagonal matrix representation, so to find out all the mixing matrices that can be produced by an Abelian group, we can restrict the study to how mass matrices can be constrained by diagonal representations.
The diagonal representations
constrain the charged lepton mass matrix M ℓ by M ℓ = X † L M ℓ X R , or, more explicitly,
Not all of the information contained in the mass matrix is required in order to find the masses and the mixing matrix. One may simply compute the hermitian squared mass matrix M ℓ M † ℓ and then diagonalise it via the left-handed matrix
The X L transformation constrains the hermitian squared mass matrix in the following way: The diagonal elements of M ℓ M † ℓ are unrestricted by the symmetry; when φ i = φ j the ijth term in M ℓ M † ℓ is unrestricted by the symmetry; otherwise the ijth element will be zero.
Note that M ℓ M † ℓ can also be constrained by the X R matrix. For example, if X L = I and X R = −I then M ℓ = M ℓ M † ℓ = 0, even though the X L transformation does not constrain the mass matrix. To make the no-go theorem simpler, we look first at how U MNS can be constrained by the X L transformation, before analysing how the X R transformation alters the situation. For nearly all choices of X L , the X L tranformation constrains M ℓ M † ℓ and M ν in such a way to force the mixing matrix U MNS into a form that has been ruled out experimentally. In these cases the X R transformations are irrelevant, the symmetry having been ruled out for all possible choices of X R .
D. Abelian representations and Majorana neutrinos
The left-handed transformation X L restricts the Majorana neutrino mass matrix by
The X L transformation multiplies each element of the mass matrix by a phase. If the phase equals 1, then the element is unconstrained by the symmetry. If the phase is not equal to 1, then the matrix element is forced to be zero. If e iφi = ±1, then the iith element of the matrix will be unrestricted by the symmetry. If e iφi = e −iφj then the ijth element will be unrestricted. Otherwise the elements will be zero.
We have performed an exhaustive analysis of all possible forms of lepton mixing matrices that can be produced by an Abelian generation symmetry. The mixing matrices are listed below. Interchanging columns corresponds to relabeling neutrino mass eigenstates.
In the following matrices s ≡ sin θ and c ≡ cos θ, where θ is unconstrained by the symmetry. The phases e iδi are not neccesarily physical.
Mixing matrix
Form of
U MNS 10 = Trivial -massless neutrinos
iφ2 , e iφ3 ) φ i = ±1 for at least one X L , for all i, φ j = φ i for at least one X L , for all i, j.
(31)
In cases U MNS 4, 5, 6 , m 1 = −m 2 and m 3 = 0. In cases U MNS 7, 8, 9 , the two mixed neutrinos have m i = −m j . Except for the case where the mixing is unrestricted by the symmetry, none of the above mixing matrices fall within experimental bounds. In the unrestricted case U ν is unrestricted, so although right-handed charged lepton transformations can alter U ℓL , the mixing matrix U MNS = U † ℓL U ν will remain unconstrained by the symmetry.
E. Abelian representations and Dirac neutrinos
An Abelian symmetry constrains the neutrino Dirac mass matrix in the same way as the charged lepton Dirac mass matrix , Eq. (19) , except that the right-handed neutrino may transform in a different way to the right-handed charged leptons.
Dirac neutrino mass matrices are diagonalised by Diag(m 1 , m 2 , m 3 ) = U † νL M ν U νR , and the mixing matrix incorporates only the left diagonalisation matrices. U νL can be obtained from
The possible U MNS matrices obtainable by the left-handed transformation are listed below. It is possible that the right-handed transformations will be able to further restrict the mixing matrices.
Mixing matrix Form of
U MNS = I e iφ1 = e iφ2 for some X L , e iφ1 = e iφ3 for some X L , and e iφ2 = e iφ3 for some X L .
The only U MNS that fits in with experiment is the one that is unrestricted by X L , which occurs when X L = e iφ I. In this case both U ℓL and U νL are unconstrained by the X L transformation. However, U ℓL and U νL can be restricted by the right-handed transformations X ℓR and X νR . If one or both of the two diagonalisation matrices remains unrestricted under the right-handed transformations, then U MNS = U † ℓL U νL will be unrestricted, independent of how the second diagonalisation matrix is restricted by the symmetry.
The transformation
restricts the charged lepton mass matrix by
Either the ith column is unrestricted by the symmetry, (φ = σ i ), or the symmetry constrains column i to be a column of zeros (φ = σ i ). A matrix that has one column of zeros has one massless charged lepton. A matrix that has no columns of zeros is completely unconstrained by the symmetry, and will give an unrestricted U ℓL .
Therefore, in the case where X L = e iφ I, U MNS is unrestricted unless one or more of the charged leptons are massless. As there are no massless charged leptons, we can conclude that for Dirac neutrinos no mixing matrix is compatible with experiment, except for when U MNS is completely unconstrained by the symmetry.
In fact, if the electron is taken to be massless (corresponding to a single column of zeros), we are convinced that U ℓL is also completely general, and hence, the mixing matrix is unrestricted by the symmetry. In this case U ℓL has the same number of free parameters as a completely unconstrained diagonalisation matrix. This has been backed up by numerical calculations. The right-handed diagonalisation matrix U ℓR , however, is restricted by the right-handed transformation.
F. Abelian representations and Seesaw neutrinos
Majorana neutrino mass matrices that are generated by the seesaw mechanism can be expressed as
where M d is the Dirac mass matrix, and M M is the right-handed Majorana mass matrix. This equation is valid when M M is invertible. In this section we assume that M M is invertible. (If the Majorana mass matrix was not invertible, and had rank n > 3, the physical particles would be n ultralight neutrinos, n heavy neutrinos and 2n − 6 neutrinos whose masses are naturally the same size as the other fermions [43, 44] ). Under the X L transformations M ν is restricted by
the same as when the neutrinos are Majorana but do not have mass terms generated by the seesaw mechanism. Section IV D lists all the ways that X L can restrict the mixing matrix. Again, the only mixing matrix that fits with experiment is the mixing matrix that is unrestricted by the symmetry, which occurs when X L = ±I. In this case the diagonalisation matrices U ℓL and U ν are both unrestricted by the X L transformation, but can be further restricted by right-handed transformations. The right-handed charged lepton transformation restricts the mass matrix by 
The argument in the Dirac neutrino section is applicable here also. Either a column of the mass matrix is unrestricted by the symmetry, or it is zero. If all columns are unrestricted, U ℓL is unrestricted by the symmetry, giving a mixing matrix that is unconstrained by the symmetry. For each column that is constrained to be zero, there is a corresponding massless charged lepton which is not seen in nature. If one charged lepton is taken to be massless, the mixing is still unconstrained by the symmetry. Therefore, the only mixing matrix that can be generated by a discrete unbroken symmetry, and is consistent with experiments is the mixing matrix that is completely unconstrained by the symmetry.
V. CONCLUSIONS AND FUTURE WORK
It is tantalising to suppose that a family symmetry could simultaneously explain both the lepton and the quark mixing matrices. We have shown however, that given certain assumptions, unbroken symmetries acting on the generations of the fermions cannot produce a lepton mixing matrix of tri-bimaximal form, or anything approaching this form. Relaxing the assumptions of this no-go theorem may make it possible for a symmetry to generate an experimentally allowed mixing matrix.
An option for trying to generate non-trivial mixing in the lepton sector, while still including the SU (2) L restriction, is to utilise the different mass generation mechanisms for the neutrinos and charged leptons. Charged lepton masses come from Yukawa couplings with the standard model Higgs doublet. Majorana neutrinos will gain masses from another mechanism, possibly using the same Higgs doublets in the seesaw mechanism, or by interaction with a Higgs triplet, or by a different mechanism.
If the Higgs sector is extended by introducing a number of generations of Higgs fields, these Higgs fields can also transform under the symmetry. Since the action of the Higgs fields in creating mass matrices is different for neutrinos compared to charged leptons, different restrictions for the two mass matrices will in general result. This in turn will lead to the diagonalisation matrices for neutrinos being different from that of the charged leptons, possibly resulting in phenomenologically acceptable lepton mixing.
Since both up-like and down-like quarks are Dirac particles, the action of the Higgs fields in creating their mass matrices is similar for both sectors. It might be possible, then, to construct a model whereby these mass matrices are sufficiently similar so as to yield very similar left-diagonalisation matrices. The resulting U CKM may then be approximately diagonal, in agreement with the observed form of this matrix. This kind of setting -models with a non-minimal Higgs sector -may the appropriate one in which to realise our conjecture (see Sub-Sec. II C) within a complete and consistent standard model extension, despite its original inspiration coming from the rather different Harrison, Perkins and Scott proposal.
